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SHORT PROOFS OF WELL-KNOWN FORMULAE. 
37. (i) In Fig. 11 suppose cp to be joined and e to be the middle point 

of pz. Then cp and cz are the lengths of a pair of semi-conjugate diameters 
in the ellipse; and, by varying c on the circle, cp and cz call be made to 
represent any pair of semi-conjugate diameters. 

But cp2 +cz2=2ce2+2ep2, which is constant as c moves; 
.C. P+ CD2 is constant. 

(ii) A proof that the parallelogram contained by CP and CD is of constant 
area has been given incidentally in Arts. 23 and 24. 

For it has been shown that inl Fig. 14, c1z . clm = cz . c = ab; 
.. in Fig. 15, CD1. CM1 = ab. 

(iii) In Fig. 7 draw the normal to the P-ellipse at P. This will be parallel 
to CZ. Suppose it meets CA in G and CB' in G'. 

Then PG : CZ= P1H : ZH, 
or PG: CD=b : a. 

Also PG' : CZ= PK: ZK, 
or PG': CD= a: 1). PERCY J. HARDING. 

EUCLID'S POSTULATE AS A PROPERTY OF MATTER. 

THE time has long passed when the teacher of elementary geometry, 
however elementary, can efficiently exercise his individuality in devising 
improved methods of exposition without taking some cognisance, how- 
ever small, of the study of non-Euclidean geometry which has grown 
up out of the failure to prove what may be described as "Euclid's 
Parallel Postulate." 

A paper has recently been published in the Proceedings of the 
Edinburgh Mathematical Society by Prof. Carslaw, of Sydney, N.S.W., 
containing an elementary interpretation of the Bolyai-Lobatschewsky 
geometry, which is so simple and so easily intelligible that I strongly 
recommend every teacher of mathematics or science to read it. It does 
away altogether with the necessity of forming conceptions of space which 
appear contradictory to experience, and shows the possibility of con- 
structing a non-Euclidean geometry in ordinary Euclidean space. 

The present article is, at least as far as the first part is concerned, 
entirely based on Prof. Carslaw's paper, of which an attempt at a brief 
resum6 is now proposed. 

The simplest kind of two dimensional geometry, which is essentially 
non-Euclidean, is ordinary spherical geometry, and is sufficiently well 
known to need no comment. If great circles on a sphere take the place 
of straight lines in a plane, we have a geometry in which the three angles 
of a triangle are together greater than two right angles, in which all 
great circles intersect in two points, and in which therefore parallelism 
is impossible, since through a given point it is impossible to draw a 
great circle which does not cut a given great circle not passing through 
that point. 

The lines which in a new geometry of this kind take the place of 
straight lines in ordinary Euclidean geometry are called by Carslaw 
"ideal lines." Their intersections are "ideal points." At the same 
time, while Euclidean straight lines intersect in only one point, ideal 
lines may cut in two points. So if we read Carslaw aright an ideal point 
might be two points; but in any case this does not affect his arguments. 
Applying these notions to the sphere, ideal lines in the case above 
considered are great circles. 
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lines may cut in two points. So if we read Carslaw aright an ideal point 
might be two points; but in any case this does not affect his arguments. 
Applying these notions to the sphere, ideal lines in the case above 
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Now, in the first place, Carslaw points out that the geometry of the 
sphere is not necessarily non-Euclidean, but that this depends entirely 
on what are defined to be ideal lines. This is the reason why we have 
spoken above of ordinary spherical geometry. Even in this connection 
several points might be raised which would take too long to discuss here. 

A Euclidean system of spherical geometry can be obtained from 
Euclidean plane geometry by the simple process of inversion. The ideal 
lines of such a system will be circles through the centre of inversion. 
This point will represent infinity on the plane. Prof. Carslaw shows 
how "ideal distances" and " ideal displacements" can be defined on 
the sphere in such a way as to give rise to geometrical properties 
identical in substance with those known to hold on the corresponding 
plane, and therefore in accordance with Euclid's postulate. 

Having thus established the fact that a system of Euclidean geometry 
can be built up on a sphere, Carslaw now propounds a system of non- 
Euclidean geometry applicable to a plane, or, for three dimensions, to 
ordinary Euclidean space; we need only consider here the two-dimensional 
problem. 

In this system ideal lines are circles cutting at right angles a certain 
fixed circle-the fundamental circle. An ideal point represents the two 
points, one inside and one outside the fundamental circle-in which two 
such circles intersect. Through any given point A there will be two such 
ideal lines touching any ideal line UV on the fundamental circle. These 
will represent the two parallels through a given point to a given line of 
the Bolyai-Lobatschewsky geometry. They will separate those ideal 
lines through A which do from those which do not cut the given ideal 
line in real points. The fundamental circle corresponds to infinity in 
plane geometry, and "ideal lengths" and "ideal displacements" are 
so defined that in any displacement the length of any segment is 
unaltered, and, further, the ideal distance of any point from the 
fundamental circle becomes infinite. 

The parts of any figure inside and outside the fundamental circle are 
the inverses of each other, and only one of these need be drawn in 
proving any geometrical property. But the distance between inside and 
outside points contains au imaginary logarithmic constant. 

Carslaw shows that the geometry of a system so defined satisfies all the 
properties of hyperbolic geometry as the Bolyai-Lobatschewsky system 
is called. Ideal angles in his system appear to be the same as the 
ordinary geometrical angles at which the circles cut. This arises from 
the fact that ideal displacements are defined as the result of successive 
inversions with respect to circles of the system just as in plane geometry 
a displacement can be produced by two reflections in a straight line. It 
is shown, further, that in this geometry-as in the geometry of great 
circles on a sphere, similar triangles are impossible. 

By showing in this way that a non-Euclidean geometry can be built 
up in ordinary Euclidean space, Carslaw shows the impossibility of 
proving Euclid's parallel postulate as a property of space. For he has 
shown that the same kind of space which possesses a Euclidean geometry 
necessarily possesses a hyperbolic geometry as well. 

I now venture to take up the argument where Carslaw leaves it, 
and discuss the view that Euclid's parallel postulate is thus shown to be 
a property of matter and not of space. 

The definition of ideal lengths and ideal displacements naturally leads 
to the concept of an ideal rigid body defined as an assemblage of points 
capable of displacement in such a way that the ideal distance between 
any two specified points remains constant. And that which fixes such 
an assemblage of points may be defined as ideal solid matter. 

It thus appears definitely established, unless I am very greatly mis- 
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THE MATHEMATICAL GAZETTE. 

taken, that ordinary Euclidean space is capable of containing ideal 
matter in the solid-or other-states conforming to the properties of 
Carslaw's non-Euclidean system and having any definite fundamental 
sphere whatever. The fundamental sphere is of course the three 
dimensional equivalent of the common orthogonal circle, or fundamental 
circle of the plane system considered above, as is more fully discussed by 
Carslaw. 

If, on the other hand, it were attempted to make a Euclidean rigid 
body undergo a displacement satisfying a Carslaw condition of rigidity, 
strains would be set up. But as no body is perfectly rigid, the only 
result would be to produce stresses in the body, and if the displacement 
were small in comparison with the radius of the fundamental sphere, 
these stresses would be small. If this contention is correct, does not 
Euclid's postulate reduce to an experimental result in the Theory of 
Elasticity? At the same time, it should be pointed out that for a 
displacement comparable with the radius of the fundamental sphere the 
strains set up either in the Euclidean or the Carslaw "ideal" body would 
become great if the displacement did not conform to the geometry of the 
matter of which the body was formed. 

These considerations raise the third question put forward in this 
paper: If Euclid's postulate is thus proved to be a property of matter, 
what is the best way of teaching those parts of geometry which depend 
directly on its truth, so that the material aspect may be put most 
prominently before the learner ? 

Now there are few starting points more suggestive and instructive 
than the tessellated pavement formed of triangular tiles all of the 
same size and shape as shown in the figure (this is no new idea). Not 
only is it possible to read off from the diagram a large number of 
properties of parallel straight lines and parallelograms proved in Euclid, Book I., but a number of properties of similar triangles whose sides are 

D 

relatively commensurable can be deduced by considering two large 
triangles, each built up of the smaller ones. For example, that the areas 
of two such similar triangles are proportional to the squares of the 
lengths of their homologous sides can be verified at once by counting the number of small triangles which go to make one such large triangle 
as DEF in the figure. 

The property of matter which is assumed in this diagram is that a 
pavement formed of equal triangular tiles can be extended indefinitely without unduly straining the tiles, without anywhere varying their order 
of arrangement, and without leaving any blank spaces between them. 

If we were to try to cover the whole surface of the terrestrial globe with the same triangular tiles, we could not do so without breaking the 
regularity of the arrangement somewhere, or leaving some gaps. 
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If we were to cover a sphere with a network of "ideal lines" obtained 
by the inversion of our figure, as in Carslaw's Euclidean system of 
spherical geometry, we should have a possible tessellated pavement cover- 
ing the sphere, but the triangles could only be regarded as all of the 
same size and shape by a convehtion regarding ideal length which would 
not accord with the properties of tiles formed of ordinary matter. 
Towards the origin of inversion, the triangles would appear to us to get 
indefinitely small as the "ideal length" of their sides departed more 
and more from their true length, and it would become increasingly 
difficult to strain material tiles to the right shape. 

It is not difficult to see that in order that this tessellated pavement 
may be extended indefinitely in all directions, the matter of which the 
tiles are made must conform to Euclid's parallel postulate. If it does 
not do so there must necessarily be breaks in the regularity of the 
arrangement. Furthermore, it is obviously impossible to make any 
continuous pavement at all out of triangular tiles of the same size and 
shape if the sum of their angles differ a little from two right angles. 
Even if we try to make a large triangle out of four smaller triangles, we 
shall fail, for the sides of the figure so constructed will have a bend in 
them at the points where the triargles join, i.e. at what ought to be the 
middle points of the sides. 

In conclusion, I suppose it may now be regarded as proved that 
Euclid's parallel postulate is to be considered as a property of matter 
rather than of space, on the ground that it is possible to establish non- 
Euclidean geometries in ordinary Euclidean space by assuming suitable 
definitions of distance and displacement. The only thing which experi- 
mental evidence can show is that such definitions may be incompatible 
with the conceptions of distance and displacement derived from our 
experience of material bodies. And if this be so, the bearing of these 
conclusions on the teaching of geometry is obvious. G. H. BRYAN-. 

THE THEORY OF THE POLAR PLANIMETER: AN 
APPLICATION OF THE METHOD OF BARRIERS. 

MANY instruments have been devised for mechanically recording the area of 
a closed curve when a tracing point is carried round its boundary, and, of these, 
probably the best known is the Amsler Planimeter invented in 1854 by 
Professor J. Amsler of Schaffhausen. 

It belongs to the class known as polar planimeters, so called because 
the tracing arm turns about a fixed centre or pole. 

The theory of the instrument has been given in various ways by 
different writers, but perhaps the neatest explanation is that given 
by Professor Henrici in the British Association Report, 1894. As this is 
probably pretty well known, only the briefest resum6 will be given here 
in order to make the extension of it and the present article readily 
intelligible. The explanation depends on the general theorem that the area, 
reckoned algebraically, swept out by a line of fixed length in a complete 
cycle, is equal to the difference of the areas described by its ends. In the 
Amsler Planimeter, one end of the tracing arm moves over the circumference 
of the circle described by the end of the pole arm while the tracing point at 
the other end describes the boundary of the area. 

Helnce, if the pole be fixed outside the area, the tracing arm AB (Fig. 1) 
will perform a complete cycle without, on the whole, rotating, and the area 
swept out by it will be equal to that described by the tracing point B, 
viz. BCB1 DB, since the other end A moves to and fro along the arc AalA 1aA, 
and the area described by it is therefore nil. 
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